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Abstract 
Choi, S. and P. Guan, A spanning tree of the 2”-dimensional hypercube with maximum number of 
degree-preserving vertices, Discrete Mathematics 117 (1993) 2755277. 
For an n-dimensional hypercube Q., the maximum number of degree-preserving vertices in a spann- 
ing tree is 2”jn if n = 2” for an integer M. (If n # 2”, then the maximum number of degree-preserving 
vertices in a spanning tree is less than 2”/n.) We also construct a spanning tree of Qzm with maximum 
number of degree-preserving vertices. 
1. Introduction 
By a graph G we mean a simple undirected graph without self-loop. We will denote 
the vertex set of G by V(G), the edge set of G by E(G), the distance between two 
vertices x and y of a graph G by d,(x, y) (or 8(x,y)), and, for each vertex x of G, 
deg,(x)=I(y~~(G)l~c(x,y)=l)l. 
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The n-dimensional hypercube Q,, is a graph whose vertices are the ordered n-tuples of 
O’s and l’s, two vertices being joined if and only if they differ in exactly one coordinate. 
A degree-preserving (DP) vertex u in a tree T of a graph G is a vertex satisfying 
degr(r)=dcgc(r). 
It is known that if a graph G contains spanning trees with k, and kz DP-vertices 
(k, < k2), then for any integer k, with kI <k < k2, the graph G contains a spanning tree 
with k DP-vertices [4]. Since the n-dimensional hypercube Q,, has a Hamiltonian 
path, the minimum number of DP-vertices of a spanning tree of Q, is 0 except for Q1 
and Qz. Harary and Lewinter [2] have constructed a family of star-like spanning trees 
of Q,, (n > 3) which have 0 or 1 DP-vertex. 
Lewinter and Migdail-Smith [3] proposed a problem about the maximum number of 
DP-vertices in a spanning tree of a given hypercube and stated that the number of DP- 
vertices of a spanning tree of Qn is bounded above by 2”/n. This bound is realized by Q1, 
Q2, Q4 and Qs but not by any other hypercubes with dimension less than 10. Gary S. 
Bloom suggested that this bound is achieved whenever n = 2” for some positive integer 
m. We prove Bloom’s conjecture by constructing a spanning tree of QZm with the 
maximum number of DP-vertices (Theorem 2.4). We will follow [l] for the terminology 
and notation. 
2. Maximum number of DP-vertices 
Lemma 2.1. Each vertex of a hypercube Q,, (n 3 2) is adjacent to at most one DP-vertex 
of a tree T of Q,,. 
Proof. Suppose that a vertex x of Q,, is adjacent to two DP-vertices y and z of a tree T of 
Qn. Then y and z are of distance 2 in Qn. Define a set of vertices A = {WE I’( Qn) 1 w is 
adjacent to y and z in Q,,}. Then 1 A I= 2 and T contains A since y and z are DP-vertices 
of T. This implies that the tree T contains a cycle of length 4, a contradiction. 0 
The following lemma follows immediately from Lemma 2.1. 
Lemma 2.2. The subgraph of Qn induced by DP-vertices of a spanning tree of Q, is 
a disjoint union of QI’s and isolated vertices. 
The star of a vertex x of a graph G is defined to be the set of vertices 
{WE V(G) [8(x, w) d 1 } and denoted by star,(x) or star(x). For two adjacent vertices 
x and y in a graph G, we define the double-star of x and y to be the set of vertices 
{w~I’(G)ld(x,w)<l or ~Y(y,rv)<l} and denote it by staro(x,y) or star(x,y). For 
a tree T of a graph G, if x is a DP-vertex of T (or x and y are adjacent DP-vertices 
of T), then V(T) contains star(x) (or star(x, y)). 
Theorem 2.3. For a hypercube Qn (n > 2), the number of DP-vertices of a spanning tree is 
<2”/n, with equality possible only tfn=2”‘for some positive integer m. 
Proof. For a spanning tree T of Q,, (n 3 2), let X be the set of DP-vertices which are 
adjacent to another DP-vertex and Y the set of DP-vertices which are not adjacent to 
any other DP-vertex. Then the set of DP-vertices of T is Xv Y. By Lemma 2.1, 
star(x,y)nstar(z, w)=GI for any two pairs of adjacent DP-vertices { x,y} and {z, W} 
(in X) and IU{ t ( s a~ x,y x,y~X, Z(x,y)= 131=nlXI. Also, star(u)nstar(u)=@ for )I 
any two nonadjacent DP-vertices u and u (in Y) and I u {star(u) I UE Y} I = (n + 1 )I Y 1. 
Since star(x, y)nstar(u)=@ for any x, y in X with a(x, y)= 1 and u in Y, 
nlXI+(n+l)lYIdIV(T)I=2”and 
the number of DP-vertices of T= IX I + ( Y I 6 2”/n, 
where the equality can hold only when I YI =0 and n=2” for some positive 
integer m. 0 
In the next theorem, we construct a spanning tree of QZm with maximum number of 
DP-vertices. 
Theorem 2.4. The maximum number of DP-vertices of spanning trees of Q,, with n=2m 
for a positive integer m is 2”/n. 
Proof. For an n-dimensional hypercube Q,, with n =2” (m>O), define two (vertex-) 
induced subgraphs Qno and Q,,, , with V( Qno) = { (0, x2, . . ,x,) I (0, x2, . . . , X,)E V( Q,,)} 
and V(Qn1)={(l,~2,...,~,)~(1,~2r...,~,)~V(Q,)}, i.e., subcubes induced by the 
vertices of Qn satisfying x1 = 0 and x1 = 1, respectively. Since Qno is of dimension n - 1, 
there exists a set of vertices C satisfying 
(i) U ( stara,o(x) I =C) = VQno), and 
(ii) for any vertices x and z in C, starQn,(x)nstur,nO(z)=O. 
(That is, C is a perfect l-error-correcting Hamming code of Q,,,, [S].) Since 
IstarQnO(x)l = n for each vertex x in C, 
ICI=1 ~(Q,~)l/I~~ar~n,(~)l=2”-‘ln. 
Let C’ be the set of vertices in Qnl, defined by C’={X’=(~,X~,...,X,)EV(Q~~)~ 
x=(0, x2, . . . . x,)EC). Then the edges of Qn having an end vertex in CuC’ define 
a spanning forest of Qn with 2”/n DP-vertices. This forest can then be made into a tree 
by adding connecting edges. 0 
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